We study faithful teleportation systematically with arbitrary entangled states as resources. The necessary conditions of mixed states to complete perfect teleportation are proved. Based on these results, the necessary and sufficient conditions of faithful teleportation of an unknown state |φ in 
for faithful teleportation of two-qubit states, in which the teleportation channels can be regarded as maximally entangled states in C 4 ⊗C 4 shared by the sender and receiver. Basically multipartite pure entangled states are analogous to higher dimensional bipartite pure states in quantum teleportation.
In a realistic case, due to the decoherence the pure maximally entangled states may evolve into mixed entangled states, which could make the teleportation of a state in C d imperfect, if the shared entangled state is in
In this paper, we study faithful teleportation with high dimensional bipartite pure or mixed states as the resource. We investigate faithful teleportation of an arbitrary pure state |φ in C d by using entangled state ρ in C m ⊗ C n (m, n ≥ d). We first derive the necessary conditions of mixed states as entangled resources to fulfill faithful teleportation. The necessary and sufficient conditions for faithful teleportation are obtained for resource states ρ in
show that ρ in C m ⊗C d , either pure or mixed, must be maximally entangled. While ρ in C d ⊗C n must be pure maximally entangled. Moreover, to fulfill faithful teleportation, the sender's measurements must be all projectors of maximally entangled pure states. For ρ in C m ⊗ C n , m, n > d, we present some classes of states for faithful teleportation. |φ . In the following we investigate this traditional faithful teleportation with arbitrary dimensional bipartite entangled state ρ.
II. TELEPORTATION WITH ENTANGLED RESOURCE STATES IN
We first consider the case that ρ in C m ⊗ C n (m, n ≥ d). 
Theorem 1 If a mixed state
with r j=1 q j = 1, q j ≥ 0, j = 1, · · · , r. After Alice's complete projective measurement, from Eq.
and
for i = 1, · · · , k. Due to the completeness of the projectors {|ψ j ψ j |}, f i j satisfies r j=1 f i j = 1 for each i. Therefore every pure state |ψ i must be an ideal resource for faithful teleportation.
From the theorem one has the following necessary condition of mixed states for faithful teleportation.
Corollary 2 If mixed state ρ is the ideal resource for faithful teleportation, then its eigenstates must be all ideal resource for faithful teleportation.
Utilizing the necessary conditions of mixed states, we consider now which kind of states in C m ⊗ C n can be used as entangled resource for faithful teleportation of an unknown state |φ in C d .
We systematically study the problem in four cases. 
are the coefficient matrices of |ψ st and |ψ respectively.
If |ψ is an ideal resource for faithful teleportation, then A T V † st should be unitary up to a constant factor:
for some unitary matrix W st and 0
Let
, λ i and µ i,st are the corresponding singular values. Due to the normality,
Then from Eq. (6) we have
which give rise to
by reordering {λ i } and {µ i,st }. From Eq. (8) and Eq. (12) we have
Using Eq. (9) one has c
by taking into account Eq. (7). Inserting Eq. (14) into Eq. (13) and using Eq. (8) we get
Hence in terms of Eq. (9), Eq. (13) and Eq. (15) we obtain
which are just the square of the Schmidt coefficients of |ψ and |ψ st respectively. Therefore
dṼ st for some unitary matricesŨ andṼ st . As a result, the shared entangled state |ψ and the state |ψ st in the projective measurements {|ψ st ψ st |} must be all maximally entangled ones. At last, the initial state can be expressed as 
|ψ st ⊗ U st |φ , One of the maximally entangled state in
|ii . Quantified by a certain entanglement measure, a mixed maximally entangled state has the same degree of entanglement as this pure maximally entangled state. This fact holds true for any entanglement measures that does not increase under local operations and classical communications in literature [9] .
Proof. It has been proved that the mixed maximally entangled state [9] can be used to fulfill faithful teleportation. Now we prove the converse. Suppose the mixed state ρ with rank k in
is the ideal resource for teleportation. From corollary 2 we have that the k orthogonal eigenstates {|ψ i } of ρ with respect to nonzero eigenvalues are all maximally entangled. In fact, they can be constructed in the following way. We assume, without loss of generality, |ψ 1 be maximally
is an orthonormal basis of
where 
with 
are maximally entangled and constitute the orthonormal basis in
where
From the above analysis, we have m ≥ kd with k the rank of ρ. The probability of the outcomes of each measurement depends on the eigenvalues p i , i = 1, · · · , k. Therefore a mixed state ρ in C m ⊗C d that can be used for faithful teleportation of |φ in C d must be a mixed maximally entangled state.
As an example, we consider the faithful teleportation of |φ = α|0 + β|1 by using a mixed
and |ψ
(|20 + |31 ). By straightforward calculations one has
where |ψ
(|20 −|31 ) and |φ
are maximally entangled states, σ 1 = |0 1| + |1 0|, σ 2 = −|0 1| + |1 0| and σ 3 = |0 0| − |1 1|
are Pauli matrices. Above relation implies that the faithful teleportation can be carried out with the mixed maximally entangled state ρ 0 .
In fact, this mixed state ρ 0 could be evolved from a maximally entangled pure state |ψ 0 = 
Proof. If ρ with rank k is able to teleport |φ faithfully, from corollary 2 its eigenstates should be all ideal resources for teleportation. Hence according to the proof of theorem 4, ρ's eigenvectors associated with the first subsystem must be orthogonal to each other. Namely the dimension of the first subsystem of ρ should be kd. Since the dimension of the first subsystem of ρ is d, we have k = 1 and ρ is a maximally entangled pure state.
In the above discussions we have used the traditional teleportation protocol: Alice makes a projective measurement first, Bob applies unitary operations correspondingly then. In fact, if the entangled resource is in C d ⊗C n , Bob performs a projective measurement first, then more entangled states may be served as ideal resources for faithful teleportation. Proof. Let Bob perform a complete measurement first. To carry out faithful teleportation, from theorem 5 the post-measurement state in
if and only if ρ is the mixed maximally entangled state
Since local operations do not increase entanglement, the initial state ρ with rank k must be a maximally entangled one in
to each other.
On the other hand, if Bob's measurement can project the maximally entangled states in C d ⊗ C n to be the above maximally entangled states in C d ⊗ H x , they can be used for faithful teleportation obviously. Therefore, state ρ in C d ⊗ C n can be used for faithful teleportation if and only if it is the mixed maximally entangled and n ≥ kd.
Case iv). m, n > d, pure or mixed states
Concerning pure states in m, n > d, we introduce a class of states: (|22 + |33 + |44 ). We have
where If we treat such teleportation as the teleportation of pure states in C 2 d , then it is easy to verify that the shared resources belong to the class of states Eq. (21).
In the following we discuss the relations between the degree of entanglement of the resource state ρ and faithful teleportation. Here we use the well-known entanglement measure, entanglement of formation [11] to characterize the entanglement. For a pure bipartite state |ψ AB , the entan- formation for all ideal entangled resources is not less than log d, giving rise to another necessary condition for quantum states to be used for faithful teleportation.
III. CONLUSIONS
We have investigated systematically the necessary conditions of entangled resource state C of experimental implementation of quantum teleportation [12] , our results may help to understand the character of faithful teleportation and to facilitate the experimental implementations.
